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If n is a positive integer, we write n! as a product of n prime powers, each at 
least as large as P@). We define a(n) to be max S(n), where the maximum is taken 
over all decompositions of the required type. We then show that lim,,m a(n) 
exists, and we calculate its value. 
We are concerned with the following problem: If n is a positive integer, 
decompose n! as a product of II powers of primes as 
in such a way that the smallest factor is to be made as large as possible. 
This is made precise as follows: Let p8 be the smallest fi that occurs in (1). 
Now consider max{pB} over all such decompositions as given in (1) and 
express this as a power of n, say n M(n). It is clear that for each n, cu(n) < 1. 
What can be said about 
iiJQ a(n)? (2) 
n+* 
The question mentioned in (2) was raised at a Number Theory Conference 
in 1973 at UCLA. It is the aim of this paper to give a complete solution to 
this problem. In fact we show that lim,,, a(n) exists and is (1. 
We reformulate the above-mentioned problem in a suitable way, so that 
it is possible to make asymptotic estimates using the theory of primes. 
Denote for any 0 < 01 < 1 
Clearly I,(a) is a decreasing function of cy. We wish to find the largest 01 so that 
lim (I,(a)//?) > 1. - (4) n i x. 
It is clear that the 01 that satisfies (4) appears in (2). 
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Here and in what follows, the letter p with or without subscript always 
denotes a prime. In our main theorem we actually get an asymptotic formula 
for ln(ol) for each 4 < Q! < 1. To be more precise we have 
THEOREM. For each 0: such that Gj < a: < 1, 
j,(a) = c,n -I- O(n/exp(b(log log n)1’2), b > 0, 
where c, is a constant given by 
c, = -Joga+ 5 $log&. 
k=2 
Proof. Denote by w,(p) the exponent of the largest power of p dividing n !, 
w*(P) = f [$]p 
is1 P 
(5) 
where [x] represents the largest integer <x. Let ~~,,(a!) denote the maximum 
number of factors of the form pk, whose product divides n! and pk > nU, 
for a given p. It is clear from (3) that 
which we write as 
4(4 = %a(4 + Tn(4, (6) 
where 
u4 = c “n.e(“h Tn(4 = c %.,(4. (7) 
ZSu<n” naspsn 
Before we proceed to the estimates of T,(a) and S,(a) let us first obtain an 
expression for ~~,~(a) in terms of w,(p). Let /3, = log n/logp, so that if 
pk > na then k > a: log n/logp = c$, . Hence from the definition of ~,,,(a) 
we infer that 
%,(4 = ~w~(P)/~@Lll~ (8) 
where [x] represents the least integer 2x. 
First we estimate T,(a). For any p with na ,(p < n it is clear from (8) 
that ~~,,(a) = w,(p) = [n/p] since a! > A. The number of p with [n/p] = 1 
is precisely r(n) - rr(n/2), and the number of p with [n/p] = 2 is 7+/2)- 
+/3), and so on, where r(x) is the number of primes <x. Thus by (7) we 
have 
T,(a) = {r(n) - 7r(n/2)} + 2{74n/2) - a(n/3)} + ..* 
+ [&a] {rr(n/[d-e]) - 7r(na)}. (9) 
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We may rewrite this as 
w-“I 
T,(a) = c 7r(n/t) - [nl-] +P). (10) 
t=1 
We are estimating I,(a) only for 4 < a: < 1. So it is clear from the prime 
number theorem that 
[nl-q 77@P) = O(n/log n). (11) 
Now again by the use of the prime number theorem, write 
‘T ~wf) =‘E” I t lo&t) + * ( t lo&t) I- (12) 
Because $ < 01 < 1, the error term in (12) is 
h-q 
* ( z1 t log&) = * (& [ng’ -q = * k&J. 
(13) 
Now we estimate the leading term in (12). We have 
= ‘E’ (*l dx 
t(log n - log t) 
f 
n1-e dx zzzz 
1 x(log n - log x) 
1 1 
t(log n - log t) - x(log n - log x) I 
dx 
f 
%‘-a dx - 
nl--0 x7= s 1 x(log .“: log x) + * (‘yi;’ t2 lo&t)) + * ( nl-” :og A 
z-z 
s 
nl--n dx 
1 x(log n - log x) + *k&l). 
(14) 
The substitution log x = u gives 
I’ 
n-~ dx -log N, 
‘1 x(logn - log x) = 
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so Eqs. (10) to (15) give 
T,(a) = (-log CL) n + O(n/log n). WI 
This completes the estimation of Tn(cy). 
We now estimate S,(a). Here the p ranges between 1 and P. We break 
this interval into subintervals so that [c&I,] in (8) remains constant in each 
subinterval. But first we show that the contribution from small p is negligible. 
So let us first consider p < k log n, k > 0. In this case using the estimate 
w,(p) = O(n/p) we get from (7) and (8) 
c 
P<k log n 
r o n loglogn 
log n . 
Now let 1 = [a log n/log log n]. One can compute that 
n+ 1 - og n, 
which means that (17) gives 
We now write 
c %a.,(4 = i c vnA4 
tw<p<na k=2 n4/k<p<n”,k--l 
Nowfor&lc <p <n 1 a k-1 we find [~$?,l = k. So (20) is rewritten as 
k=2 ,,a/kGp< na,s-, 
07) 
08) 
(19) 
(20) 
using (8). Because of (5) we have 
W,(P) = Mp - 1)) + O(A) 
so that (21) and (22) combine to give 
(22) 
641/9/4-s 
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The error term in (23) is easily estimated. We have 
We also have 
= O(na log n). 
i c 
k=2 ,,a,&~< ,p,k--l k(p” 1) 
(24) 
The error term in (25) is 
It is well known (see [2]) that 
zz $ = log log x + B + O iexp(a(l~g x)113) 
(26) 
(27) 
for some constants a > 0 and B. If we use (27) to get the leading term in (25) 
we get 
It i2 1-k log (Y&T1 + O (k exp(a(a :og n/k)l/z))l’ 
Since I = [OL log n/log log n], the error term in (28) is 
0 
( exp(a(lo~log n)1/2) i2 k) = O ( exp(Z,:“o”, Zg i)l12) j’ 
The leading term of (28) is given by 
n F2 + 1% (A) - n .g+, $log (&j 
(28) 
(29 
(30) 
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where 
Thus Eqs. (17) to (30) give 
Sn(4 = yn + 0 ( 
n 
exp(b(log log n)“? 1 
for some constant 0 -C b -C a. Finally (31) and (16) imply 
Mar) = (Y - 1% 4n + 0 (exp(6(lo;logn)l/2)) 
and this proves the theorem. 
This means for each LX with 4 < (Y < 1 
lim 178(a) - lim ‘,(a) - n-tm n 
- = y - log Ly. 
a-+= n 
(31) 
(32) 
We see by (33), that (4) holds for OL = 0.6, so since I,(a) is a decreasing 
function of a! for (II > 0, (by definition of /Jo()), we need only consider 01 
such that 0.6 < 01 < 1, in our search for the largest (II such that (4) holds. 
Thus the theorem applies, and we see that the largest a? for which (4) holds 
is given by (33) as 
y - log 01 = 1 
or 
As we remarked in the beginning, this is the required limit in (2) and the 
problem is solved. 
The value of LY up to 12 decimal places is 
01 = 0.809394020534. 
For related problems on the decomposition of 12 ! see [I]. 
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